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Abstract
The magnetic moment—a function of the electric charge form factor F1(q2) and the magnetic dipole form
factor F2(q2) at zero four-momentum transfer q2—of the ground-state JP = 32
+ baryon decuplet magnetic
moments have been studied for many years with limited success. At present, only the magnetic moment
of the Ω− has been accurately determined. We calculate nonperturbatively the magnetic moments of the
physical baryon decuplet JP = 32
+
members and in particular, we obtain µ∆++ = (+3.67 ± 0.07)µN ,
µ∆+ = (+1.83± 0.04)µN , µ∆0 = (0)µN , and the magnetic moments of their U -Spin partners in terms of
Ω− magnetic moment data.
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I. INTRODUCTION
The properties of the ground-state JP = 3
2
+ baryon decuplet magnetic moments ∆, Ξ∗, Σ∗
and Ω− have been studied for many years with limited success. Although the masses (pole or
otherwise) and decay aspects and other physical observables of some of these particles have been
ascertained, the magnetic moments of many are yet to be determined. From the Particle Data
Group [1], only the magnetic moment of the Ω− [2] has been accurately determined. The magnetic
moment is a function of the electric charge form factor F1(q2) and the magnetic dipole form
factor F2(q2) at zero four-momentum transfer q2 ≡ −Q2. The lack of experimental data for
the decuplet particle members is associated with their very short lifetimes (many available strong
interaction decay channels) and the existence of nearby particles with quantum numbers that allow
for configuration mixing greatly increasing the difficulty of experimental determination of physical
observables. The Ω− (strangeness S = −3) is an exception in that it is composed of three valence s
quarks that make its lifetime substantially longer (weak interaction decay) than any of its decuplet
partners. However, even for the Ω−, away from the static (q2 = 0) limit, the electric charge and
magnetic dipole form factors are not known. Theoretical models abound: Beg et al. [3] and
Gerasimov [4], and Lichtenberg [5] provide excellent sources of methodological information.
In Ref. [6], we illustrated how one may calculate the magnetic moments of the physical decuplet
U-Spin = 3
2
quartet members (the ∆−, Σ∗−, and Ξ∗−) in terms of that of the Ω− (U-Spin = 3
2
as
well) without ascribing any specific form to their quark structure or intra-quark interactions [6–
11]. Theoretical and computational investigations and reviews involving the magnetic moments
of the Ω− and the ∆− and lattice quantum chromodynamics (LQCD) (quenched and unquenched,
unphysical pion mass) techniques are also available [12–14], [15].
The electromagnetic current jµem(0) obeys the double ETCRs [[jµem(0), Vpi+] , Vpi−]
= [[jµem(0), Api+] , Api−] = 2j
µ
em 3(0) and [[jµem(0), Vpi+] , Vpi−] = [[j
µ
em 3(0), Vpi+] , Vpi−] [16]—Vpi+
and Vpi− are vector charge generators, Api+ and Api− are axial-vector charge generators, and
jµem 3(0) is the isovector part of jµem(0)—even in the presence of symmetry breaking. The double
ETCRs, in addition to ETCRs involving axial-vector charges [17–19], allow us to relate form
factors—F1(q2) and F2(q2) where U-Spin is not restricted to 32—associated with the U-spin =
3
2
∆− (and hence the Σ∗− and Ξ∗−, and the Ω−) with those associated with decuplet members
having U-spin = 1 (the ∆0, Σ∗ 0, and Ξ∗ 0), U-spin = 1
2
(the ∆+, and Σ∗+), and U-spin = 0 (the
∆++).
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II. ETCRS IN THE INFINITE MOMENTUM FRAME AND FLAVOR BROKEN SYMMETRY
ETCRs involve at most one current density and involve the vector and axial-vector charge
generators (the Vα and Aα {α = π,K,D, F,B, . . . .}) of the symmetry groups of QCD.
The physical vector charge VK0 is VK0 = V6 + iV7, the physical vector charge Vpi± is Vpi± =
V1 ± iV2, and the physical electromagnetic current jµem(0) may be written (u, d, s, c, b, t quark
system) as jµem(0) = V µ3 (0)+(1/
√
3)V µ8 (0)−(2/3)1/2V µ15(0)+(2/5)1/2V µ24(0)−(3/5)1/2V µ35(0)+
(1
√
3)V µ0 (0) = j
µ
V (0) + j
µ
S(0), where j
µ
V (0) ≡ jµem 3(0) = the isovector part of the electromag-
netic current, jµS(0) ≡ the isoscalar part of the electromagnetic current. One may verify that the
commutation relation [VK0, jµem(0)] = 0 and the double ETCRs [16] mentioned in the Introduction
hold.
III. THE ELECTROMAGNETIC CURRENT MATRIX ELEMENT
For the on-mass shell JP = 3/2+ ground-state decuplet baryon B with mass mB , the Lorentz-
covariant and gauge-invariant electromagnetic current matrix element in momentum space with
four-momentum vectors P ≡ p1 + p2, q ≡ p2 − p1 (λ1 and λ2 denote helicity) is given by:
〈B(p2, λ2)| jµem(0) |B(p1, λ1)〉 =
e
(2π)3
√
m2B
EtBE
s
B
u¯αB(p2, λ2)
[
Γµαβ
]
uβB (p1, λ1) , (1)
Γµαβ = gαβ
{
FB1 (q
2)γµ +
FB2 (q
2)iσµν
2mB
qν
}
+
qαqβ
2m2B
{
FB3 (q
2)γµ +
FB4 (q
2)iσµν
2mB
qν
}
,
(2)
where e = +
√
4πα, α = the fine structure constant, the FBi are the four γ∗BB form factors
[FB1 (0) ∼ electric charge in units of e, (FB1 (0) + FB2 (0)) ∼ magnetic dipole moment in units
of e/(2mB)] and Γµαβ is written in standard form [20]. The electric charge multipole amplitude
GBE(q
2) = [FB1 (q
2)(3 − 2η) + η{FB2 (q2)(3 − 2η) − 2(−1 + η)(FB3 (q2) + η FB4 (q2))}]/3 [units
of e], the magnetic dipole multipole amplitude GBM(q2) = [(5 − 4η)(FB1 (q2) + FB2 (q2)) −
4 η (−1+η) (FB3 (q2)+FB4 (q2))]/5 [units of e/(2mB)], the electric quadrupole multipole amplitude
GBQ(q
2) = FB1 (q
2) + FB3 (q
2) (−1 + η) + η {FB2 (q2) + FB4 (q2) (−1 + η)} [units of e/m2B], and
the magnetic octupole multipole amplitude GBO(q2) = [FB1 (q2) + FB2 (q2) + (−1 + η){FB3 (q2) +
FB4 (q
2)}]√6 [units of e/(2m3B)] where η ≡ q2/(4m2B). QB = charge of decuplet baryon B in
3
units of e, µB is the magnetic moment (measured in nuclear magneton units µN = e/(2m), m =
proton mass) of baryon B.
In Eq. (1), uβB(νB, θ, λ) is a spin 3/2 baryon Rarita-Schwinger [21] spinor with helicity λ,
three-momentum ~p with angle θ referred to the zˆ-axis, energy EpB , and velocity parameter νB =
sinh−1(|~p |/mB) [6]. Our conventions are those of Rose [22]. Physical states are normalized
with
〈
~p ′|~p
〉
= δ3(~p ′ − ~p) and Dirac spinors are normalized by u¯(r)(p)u(s)(p) = δrs, Dirac
matrices are {γµ, γν} = 2gµν with γ5 ≡ iγ0γ1γ2γ3, where gµν = Diag (1,−1,−1,−1) [23].
In addition to obeying the Dirac equation, the Rarita-Schwinger spinors satisfy the subsidiary
conditions γµuµB (p, λ) = pµu
µ
B (p, λ) = 0. Associated with baryon B are the four-momentum
vectors p1 (three-momentum ~t (~t = tz zˆ), energy EtB) and p2 (three-momentum ~s at angle θ (0 ≤
θ < π/2) with the zˆ axis, energy EsB , with sz = rtz and r (constant) ≥ 1).
IV. U-SPIN 1 , 1
2
, AND 0 DECUPLET BARYON MAGNETIC MOMENT RELATIONSHIPS
Previously [6, 24] (U -Spin 3
2
quartet only), we investigated magnetic moment relationships by
utilizing the commutator [VK0, jµem(0)] = 0 inserted between the baryon pairs (〈Ξ∗−sσ|,|Ω−tσ〉),
(〈Σ∗−sσ|,|Ξ∗−tσ〉), and (〈∆−sσ|,|Σ∗−tσ〉) where each baryon (B = ∆−, Σ∗− , Ξ∗− , or Ω−) had
QB = −e, helicity +3/2 and tz →∞ and sz →∞, and where
q2B = −
(1 − r)2
r
m2B −
s2x
r
≡ −Q2B , q2B |sx=0 = −
(1− r)2
r
m2B . (3)
We found that:
FB2 (q
2
B) =
m2B
m2Ω−
FΩ
−
2 (q
2
Ω−), (4)
FB1 (q
2
B) = F
Ω−
1 (q
2
Ω−). (5)
Clearly, if one knows FΩ−1 (q2Ω−) for some range 0 ≥ q2Ω− ≥ q2K , then one knows the value of
rK ≥ r ≥ 1 and thus q2B (from Eq. (3)) for this same range and hence one can infer FB1 (q2B) and
FB2 (q
2
B) from Eqs. (4) and (5). We illustrate this in Fig. 1 where B is the ∆− (or the ∆+—see
Eq. (8) below) and F∆−1 (q2∆−) is predicted using lattice calculations from Ref. [25] for the Ω−
electric charge form factor (dipole fit).
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To obtain the magnetic moments of the U-Spin 1, 1
2
, and 0 decuplet baryons, one must find
a way to quantitatively connect the decuplet U-Spin multiplets. We proceed to do this by
first defining 〈Bsσ, 3/2| jµem(0) |Btσ, 3/2〉 ≡ 〈B〉, 〈Bsσ, 3/2| jµV (0) |Btσ, 3/2〉 ≡ 〈B〉3, and
〈Bsσ, 3/2| jµS(0) |Btσ, 3/2〉 ≡ 〈B〉S so that 〈B〉 = 〈B〉3 + 〈B〉S where B is now any decuplet
baryon). Second, we utilize the double ETCRs to relate the matrix elements 〈∆−〉, 〈∆0〉, 〈∆+〉,
and 〈∆++〉 (a U-Spin singlet) to each other and to that of the Ω−. We can—for example—use
[VK0, j
µ
em(0)] = 0 to obtain the magnetic moment of the Σ∗+ from that of the ∆+ (U-Spin doublet)
and the magnetic moments of the Σ∗ 0 and Ξ∗0 from that of the ∆0 (U-Spin triplet).
The double ETCRs [[jµem(0), Vpi+] , Vpi−] = [[j
µ
em 3(0), Vpi+] , Vpi−] = 2j
µ
em 3(0) [16] sandwiched
between the pair states 〈∆++| , |∆++〉, 〈∆+| , |∆+〉, 〈∆0| , |∆0〉, and 〈∆−| , |∆−〉 can be used to
determine the SU(2) parametrization of jµem(0) for the ∆ states in the infinite momentum frame.
This produces six equations:
〈
∆++
〉
=
〈
∆−
〉− 2 〈∆−〉
3
,
〈
∆++
〉
3
= − 〈∆−〉
3
(6a)〈
∆+
〉
=
〈
∆−
〉− 4
3
〈
∆−
〉
3
, 3
〈
∆+
〉
3
= − 〈∆−〉
3
(6b)
〈
∆0
〉
=
〈
∆−
〉− 2
3
〈
∆−
〉
3
, 3
〈
∆0
〉
3
=
〈
∆−
〉
3
. (6c)
Third, the axial-vector matrix elements (in the infinite momentum frame) [16]
〈∆+, 3/2|Api− |∆++, 3/2〉 = 〈∆−, 3/2|Api− |∆0, 3/2〉 ≡ −
√
3/2 g˜, and 〈∆0, 3/2|Api− |∆+, 3/2〉
= −√2 g˜ and the double ETCR [[jµem(0), Api+] , Api−] = 2jµem 3(0) sandwiched between the same
pair ∆ states allow us to write the following four equations:
3g˜2[
〈
∆−
〉− 〈∆0〉] = 4 〈∆−〉
3
, (7a)
3g˜2[7
〈
∆0
〉− 3 〈∆−〉− 4 〈∆+〉] = 4 〈∆−〉
3
, (7b)
3g˜2[−7 〈∆+〉+ 4 〈∆0〉+ 3 〈∆++〉] = 4 〈∆−〉
3
, (7c)
3g˜2[
〈
∆+
〉− 〈∆++〉] = 4 〈∆−〉
3
. (7d)
Finally, Eqs. (7) in conjunction with Eqs. (6) imply in broken symmetry that:
g˜2 = 2,
〈
∆++
〉
= −2 〈∆−〉 , 〈∆+〉 = − 〈∆−〉 , and 〈∆0〉 = 0 . (8)
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Eq. (8) effectively connects the U-Spin 1, 1
2
, and 0 decuplet baryon matrix elements to that of
the U-Spin = 3
2
∆− (and hence the Ω− ) and with Eq. (4) and Eq. (5)—Eq. (3) is valid for all
U-Spin decuplet baryons—allow us to compute the magnetic moments of the ∆++, ∆+, and ∆0
and their (strangeness S 6= 0) U-Spin partners in terms of Ω− magnetic moment data by using the
ETCR [VK0, jµem(0)] = 0 which results in:
µB = −QB
[
1−
(
m2B
m2Ω−
)(
m+mΩ−(µΩ−/µN)
m
)](
m
mB
)
µN . (9)
Eq. (9) is the main result of this work and is valid for all of the ground-state JP = 3
2
+ baryon
decuplet members. As the values of m∆ (all ∆ charge states) (pole or Breit-Wigner) are not very
well established, we assume m∆ = 1.22 ± 0.01 GeV/c2. Experimentally, we have [1], µΩ− =
(−2.02± 0.05)µN =
[
(−1 + FΩ−2 (0))(m/mΩ−)
]
µN and mΩ− = 1.6724± 0.0003 GeV/c2. We
summarize our results for all of the ground-state baryon decuplet magnetic moments µB in Table I.
V. CONCLUSIONS
We have–nonperturbatively–calculated the magnetic moments of all of the ground-state JP =
3/2+ physical decuplet baryons without ascribing any specific form to their quark structure or
intra-quark interactions or assuming a Lagrangian (effective or otherwise). The Particle Data
Group [1] value of µΩ− along with other decuplet mass data was used as input except we took
m∆ = 1.22 ± 0.01 GeV/c2 (all ∆ charge states) as the values of m∆ are not well-enough es-
tablished [1]. In particular—utilizing Eq. (9)—we obtained µ∆− = (−1.83 ± 0.04)µN , µ∆+ =
(+1.83±0.04)µN , and µ∆++ = (+3.67±0.07)µN and µ∆0 = (0)µN . Our results for the magnetic
moments (the Ω− magnetic moment is input) of the ground-state decuplet baryons are summarized
in Table I along with a prediction in Fig. 1 for the ∆− (and the ∆+) electric charge form factor
as a function of Q2 based upon Ω− lattice calculated fit data [25]. Similarly—with Eq. (8)—one
may predict the electric charge form factor for the ∆++ as a function of Q2 based upon Ω− lattice
calculated fit data. For all of the ground-state JP = 3/2+ baryons B, we have demonstrated how
the FB1 (q2B) and FB2 (q2B) form factors can be calculated in in terms of Ω− data. Future experimen-
tal measurements of the Ω− magnetic moment and accessible form factors for q2Ω− < 0 will have
great importance for viable theoretical models (especially lattice QCD models) of the structure
of baryons. Knowledge of the behavior of the decuplet form factors (or corresponding multipole
6
moments) is critical to our understanding of QCD—standard model, enhanced standard model,
lattice gauge models, superstring models, or entirely new models— since these models must be
capable of yielding already known results at low or medium energy. Eqs. (4), (5), (3), and (8)
explicitly demonstrate that the electromagnetic charge form factors of the decuplet baryons are
very closely related to each other and that their magnetic dipole form factors are also very closely
related to each other. This may aid experimental and theoretical ground-state decuplet baryon
magnetic moment analyses in the future.
TABLE I. ground-state baryon decuplet magnetic moment µB in units of µN .
Baryon B This research a Particle Data Group;b Lattice QCD c
∆++ +3.67 ± 0.07 +5.6± 1.9 —
∆+ +1.83 ± 0.04 +2.7± 3.6 —
∆0 0± 0 — —
∆− −1.83 ± 0.04 — −1.85± 0.06
Σ∗+ +1.89 ± 0.04 — —
Σ∗ 0 0± 0 — —
Σ∗− −1.89 ± 0.04 — —
Ξ∗ 0 0± 0 — —
Ξ∗− −1.95 ± 0.05 — —
Ω− −2.02 ± 0.05 −2.02 ± 0.05 −1.93± 0.08
a µΩ− is input. m∆ = 1.22± 0.01GeV/c2 is assumed for all ∆ charge states. µΩ− and other baryon masses are
from the Particle Data Group [1]. Statistical propagation of errors used in calculations.
b ∆++ estimate from Ref. [1]. ∆+ error (quadrature calculated) from Ref. [1] (see original Ref. [26]).
c Lattice result from Ref. [13].
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FIG. 1. The Solid curve is a dipole fit [(−1)(1 +Q2/Λ2E0)−2] with ΛE0 = 1.146 GeV/c to lattice calcula-
tions for the Ω− electric charge form factor taken from Fig. 3 and Table III of Ref.[25]. The Dashed curve is
the ∆− electric charge form factor calculated using Eq. (5) and Eq. (3) and the above Ω− lattice dipole fit.
The ∆+ F1(Q2) electric charge form factor as a function of Q2 is just (-1) times that of the Dashed curve
according to Eq. (8) and the assumption that m∆ = 1.22± 0.01 GeV/c2 for all ∆ charge states.
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